In this paper, we prove the existence of fixed points for nonlinear and semilinear operators on order intervals. The abstract results unified some methods in studying the existence of positive solutions for boundary and initial value problems of nonlinear difference and differential equations. Applications are shown by examples.
Introduction
Lemma . Let X be a Banach space and P be a cone in X. Assume that  and  are open subsets of X with  ∈  and  ⊂  . Let T : P ∩ (  \  ) → P be completely continuous operator. If either Tu ≤ u for u ∈ P ∩ ∂  and Tu ≥ u for u ∈ P ∩ ∂  or Tu ≤ u for u ∈ P ∩ ∂  and Tu ≥ u for u ∈ P ∩ ∂  holds, then T has a fixed point in P ∩ (  \  ).
It is well-known that this abstract result can be applied to obtain an abundance of concrete results for some special problems [, -], for example, (a) Hammerstein integral equations, (b) boundary value problems for semilinear ordinary differential equations, (c) boundary value problems for semilinear elliptic differential equations, (d) initial-value problems for semilinear parabolic differential equations, (e) discrete boundary value problems or the nonlinear algebraic equations systems, (f ) boundary value problems for semilinear fractional differential equations, (g) boundary value problems for semilinear time scale differential equations, (h) existence of periodic solutions for some functional differential equations, etc. Because these problems can be regarded as abstract operator equations.
Let X be an ordered Banach space with the cone X + . We found that many problems depend on properly constructing subcones of X + . For example, the following well-known subcones of X + have been extensively applied. First, let P  be defined as
where , the authors proved results on the existence of positive solutions for singular fractional differential equations with integral boundary conditions. P  was applied with the constant c defined as
, where M  , k  and k  are determined by the associated Green's function. Second, let P  be defined as
a, b, c are positive constants used for the boundary conditions. The cone P  was most recently used in [] to prove the existence of positive solutions for second-order nonlocal boundary value problems with singularities in space variables. Third, let P  be defined as
where
prove the existence of solutions for fractional boundary value problems. Last, define P  as
where X = R n , |x| = max ≤i≤n |x i |,  > γ > . The cone P  was used in [, ] to prove the existence of positive solutions for a class of nonlinear algebraic systems.
As a generalization to some subcones applied previously, we introduce the following unified subcone P u  on the abstract ordered Banach space X. Letting u  ∈ X + with u  ≤ , define
For a, b ≥  and x, y ∈ P u  , we have
It can be verified that P u  is a cone, which is a subcone of X + .
In this paper, we will consider the existence of solutions for the operator equation
When T = Kf , where K is a linear operator and f is nonlinear, we can obtain an abstract Hammerstein equation: 
Main results
Let X be an ordered Banach space defined with the cone X + . An ordered interval is defined as
For any r > , we denote r = {x ∈ X : x < r} and ∂ r = {x ∈ X : x = r}. 
Theorem . Assume that X is an ordered Banach space with the order cone X
+ . Let  ≤ u  ≤ ϕ be such that u  ≤ , ϕ =  satisfying the condition: if x ∈ X + , x ≤ , then x ≤ ϕ.
If there exist positive numbers
Proof Assume that condition (.) is satisfied. For x ∈ P u  ∩ ∂ a , we have x = a and
On the other hand, for x ∈ P u  ∩ ∂ b , we have x = b and
Again, x ∈ P u  implies that
Lemma ., we obtain that T has at least one fixed point
The proof is similar if condition (.) holds.
As a special case of Theorem ., let  < δ ≤  and u  = δϕ, we have
Therefore, we obtain the following theorem by applying Theorem .. 
where Kf :
is completely continuous and, in addition, the conditions
Proof As in the proof of Theorem ., it can be shown that condition (.) ensures the following conditions:
For a Banach space with a normal cone, the norm condition (.) can be reduced to an order condition. The definition of a normal cone is given below [] .
Definition . The order cone X + is called normal iff there is a number c >  such that, for all x, y ∈ X:
The following result for a Banach space with a normal cone can be easily applied in many cases. 
completely continuous operator, and that the conditions
The proof of Theorem . follows directly from Theorem . (u  = δϕ) and the fact that condition (.) implies
In the following example, we use the notation col(x  , x  ) to denote the column vector
Consider the system of equation:
. Let the norm of R  be defined as x = max{|x  |, |x  |} and denote
Obviously R  + is a normal cone of R  with the normal parameter c = .
System (.) can be written as Kf (x) = x, where K : R  → R  is the linear operator
Assume , we can find that x = col(
) is a solution of (.).
It can be seen that Example  is true for any finite dimensional space with the dimension n > .
Remark . If there exist {a k } and {b k } such that a k and b k (k = , , . . . , n) satisfy all conditions of Theorem ., and
then we can obtain n fixed points of T with a k , b k (k = , , . . . , n) as an ordered sequence. The same results on multiple fixed points can be derived from other theorems.
Remark . Theorems proved in this section can also be extended to negative intervals to prove the existence of negative solutions.
Applications
The results obtained in Section  can be applied to existence of solutions for differential and difference equations. We will show some examples.
Example  Consider the discrete Dirichlet boundary value problem []:
where n is a positive integer, [, n] = {, , . . . , n}, f : R + → R + , is the forward difference operator,
BVP (.) can be rewritten as
. The same as shown in Example , (.) can be written as x = Kf (x) for x ∈ R n + , where K : R n → R n is a linear operator.
. Applying Theorem ., we obtain the results that were obtained in [] most recently.
The following definition of a fractional derivative is related to our next example on fractional boundary value problem. 
